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Solution to Problem 130C

(a) The flow must satisfy the following four boundary conditions,

l.u=0atz =0,
2.u=0atx=1L,

3. On the free surface (y = h),
oh
U|y=h = ot

but for small amplitude waves, v|y=p ~ v|y=0, so the kinematic condition is

oo = 21
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4. The dynamic condition on the free surface, namely that the pressure is constant and is equal to the atmospheric
pressure.

(b) The velocity potential is given as
¢ = Ae*Y cos ka sin wt

where A, k and w are undetermined constants. The velocity in the z-direction, w, is
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The boundary condition at x = 0 is automatically satisfied by the above equation, but for u =0 at x = L,
kL =nm

where n is an integer. From the relationship between the wave number, k, and the wavelength, A,
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Thus, there can be a half wave (n = 1), full wave (n = 2), etc. trapped between the walls.
(c) The velocity v in the y-direction is,

v=— = Ake"¥ cos kz sinwt

and the kinematic condition gives
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= v|y=0 = Ak cos kx sinwt

Integrating the above equation yields

A
h(z,t) = 4k cos kx cos wt
w

where the constant of integration, some unknown function f(x), must be zero if the z-axis is assumed to lie at the
centerline of the waves.

(d) The unsteady Bernoulli equation requires
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On the free surface, the dynamic condition gives that pressure p is constant. The kinetic energy terms (% pu? and % pv?)
are of higher order than the other terms and are thus negligible. Finally, substituting the height for y yields,

+ pgh = constant
y=h
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The small amplitude assumption allows the approximation,
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BT - ~ 5 = Aw cos kx cos wt

y=0

which, when substituted into Bernoulli’s equation yields

Agk
Aw cos kx coswt — 298 cos kx coswt = constant
w

The only constant which will satisfy this equation at all times is zero and thus

Agk
Aw cos kx coswt — 297 cos kx coswt = 0,
w

which yields

Thus, the frequency, f (f = w/2n) is given by



