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Solution to Problem 130F

As in the course notes, we solve Laplace’s equation (V2¢ = 0) with appropriate boundary condtions. The conditions in the
horizontal direction state that there is no flow through the side walls:

BC#1: wu(0,y,t)=0

BC#2: wu(L,y,t)=0

In the vertical direction, there will be no flow through the bottom (y = —H). The condition at the free surface is more
involved. Here we use the kinematic and dynamic (from the unsteady Bernoulli equation) conditions to form the fourth

boundary condtion:
BC#3: wv(x,—H,t)=0

BC+#4a : Z—IZ =v(x, h,t) = v(x,0,t)

Be#4b - 8—¢ + gh = const
It |,—o

A solution for standing waves is given by:
o= (Aeky + Be_ky) cos kx sin wt

To apply the first two boundary conditions, we calculate the velocity in the horizontal direction:

0
u = 99 =—k (Aeky + Be_ky) sin kx sin wt
ox
BC#1 = u(0,y,t) = —k (Aeky + Be_ky) sinOsinwt =0 =sin0=0
BC#2 = u(L,y,t) = —k (Aeky + Be_ky) sinkLsinwt=0 =kL=nm,n=1,2,3,...

For the lowest mode, we select n=1, which gives k = /L. To apply the second two boundary conditions, we find the velocity
in the vertical direction:
_99 _

v= 9
BC#3 = v(x,—H,t) =k (Ae_kH - BekH) cos kxsinwt = 0

k (Aeky — Be_ky) cos kx sin wt

= Ae FH = B = ¢

v=Ck [ek(y"’H) — e_k(y"’H)} cos kx sin wt

p=0C [ek(y"’H) + e_k(y"’H)} cos kx sin wt
We now apply BC#4a and integrate to solve for the height of the surface disturbance, h(x,0,t):

oh

%~ v(x,0,t) = Ck [ekH - e_kH] cos kx sin wt

k
h(x,0,t) = & [ekH - e_kH] cos kx cos wt
w

To apply BCO#4b, we use this expression for h(x,0,t) and calculate 9.
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8—¢ =Cuw [ekH + e_kH] cos kx coswt
ot|,_,
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+ gh = const = Cw [ekH + e_kH] cos kx cos wt — cos kx cos wt



For this relationship to hold for all x,y, and t, the constant must be equal to zero. Therefore:

= gktanhkH

and hence



